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Abstract 

Statistical geometry is a method of comparative sequence analysis of genes. Based on the concept of the sequence 
space of nucleic acids it computes the geometries of sequence sets, mainly quartets, by combining both the vertical and 
horizontal information content of the sequences. The geometries can be used to deduce, for example, the degree of tree- 
likeness of the data set without any a priori assumption of an evolution model. Furthermore, statistical geometry allows 
to detect varying positional substitution rates in sequences. Applications of the method to tRNA sequences have provided 
an assessment for the age of the genetic code. Furthermore, applications of statistical geometry to homeoboxes as well as 
different virus families have helped to assign reliable kinship relationships. In addition, a lower bound for the age of the 
common ancestor of the human and simian immunodeficieny viruses has been established. 
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1. Introduction 

This article reviews the last 15 years during which 
Eigen and co-workers have proposed and developed 
various comparative sequence analysis methods. 
Eigen’s central idea to use bits of the positional in- 
formation within a sequence alignment in order to 
study genetic evolutionary dynamics is most explic- 
itly developed in the method of statistical geometry. 
This method was proposed as a tool complementary 
to the conventional sequence analysis procedures, in 
particular to the tree reconstruction methods. Since 
its first formal publication [l] applications to many 
biological data, especially viral data, have given 
useful insight into evolutionary dynamics. However, 
as with other methods that are complementary to 
the existing tree reconstruction methods, statistical 

geometry has since lived in the shadow of the latter 
ones. Presumably there are two main reasons for this: 
(i) due to the rather foanal nature of the method, the 
results of an analysis with statistical geometry are 
often not easy to interpret, and (ii) because it does 
not produce a tree, it does not fulfil the expectation 
of most biologists who analyse sequence data. This 
article therefore also intends to make this elegant 
method more accessible to biologists. 

One may classify the comparative sequence meth- 
ods into distance space methods and sequence space 
methods. Distance space methods analyse sequences 
through their distance to other sequences based on a 
given metric. In sequence space the individual posi- 
tions of a sequence alignment are analysed separately. 
Here is a list of the main methods that Eigen and 
co-workers have developed [2,3,1,4]: 
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(1) 

(2) 

Distance space methods 
(a) Pairwise distance statistics 
(b) Statistical geometry in distance space 

Sequence space methods 
(a) Consensus-deviation plots 
(b) Statistical geometry in sequence space 
(c) Monte Carlo plus statistical geometry 

Viruses have proven to be among those systems 
that reflect clearly many of the characteristic laws of 
molecular evolution. Their fast mutation rate allows 
real-time observation of their evolution. Because of 
their fast replication and mutation rate viruses do not 
form families in the traditional population biologi- 
cal sense, but so-called quasispecies [5], a disperse 
distribution of similar sequences centered around the 
wild-type. This implies also that sequence relation- 
ships can often not be represented by a phylogenetic 
tree. Though there are methods to correct for the 
occurrence of parallel and back mutations the accu- 
mulation of noise cannot be compensated. 
However, not all viruses behave in the same way. 
Quite the opposite has actually been observed. De- 
spite the finding that most viruses operate near their 
error threshold, the patterns of mutation fixation can 
be quite diverse. In the following sections we will 
give some examples of this variability. We will see 
especially that the application of the method of sta- 
tistical geometry can greatly enhance our knowledge 
of the evolutionary dynamics of RNA-viruses. 

The article is organized as follows: After in- 
troducing the concept of the sequence space on 
which all comparative sequence analysis methods 
are based, the distance space methods that Eigen and 
co-workers have developed are reviewed. Then the 
sequence space methods will be summarized Each 
method is first introduced rather formally, followed 
by many examples of applications to biological data. 
An overview of recent extensions and further devel- 
opments of the method of statistical geometry will 
close this article. 

2. The concept of the sequence space 

The idea of a sequence space was first introduced 
by Wright [6] and later used in information and cod- 
ing theory by Hamming [7], [8]. The purpose is to 

0 I 

Fig. 1. The iterative built-up of the sequence space exemplified 
for binary sequences. Starting from one point each additional 
position (i.e., increase of the sequence length v I+ v + 1) leads 
to the doubling of all 2v points and the addition of further 2’ 
edges that connect direct neighbors. 

represent all possible binary sequences of fixed length 
by a point space, such that each sequence is repre- 
sented by a node, and an edge is drawn between any 
two nodes whose sequences differ by one bit. The 
number of different bits between any two sequences 
is also called the Hamming distance. In this point 
space the dimension corresponds to the number of 
positions in the sequences. For the construction of 
the v-dimensional sequence space the following iter- 
ative procedure is intuitive (see figure 1, where this 
iterative procedure is shown for dimension 1 to 4): 
starting from a point (dimension 0), each consecutive 
dimension requires a doubling of the former diagram 
and subsequent connection of all new nearest neigh- 
bors by an edge. 

The concept of the sequence space can of course 
formally also be applied to sequences such as proteins 
[9] with more than two or four symbols. Let K be 
the number of symbols in the underlying alphabet. 

There are some striking features about the sequence 
space, which elucidates its importance for the study 
of evolutionary processes: 

The cardinality of the sequence space and there- 
fore the number of points is equal to K”, which is 
enormous. 
The maximal distance between any two points in 
the space never exceeds the dimension v of the 
space. 
There are C(k) = (i) (K - l)k different points with 
Hamming distance k from a given point. 
Between any two points separated by Hamming 
distance k there are k! shortest paths, thus leading 
to tremendous connectivity. 

In the case of the nucleotide alphabet, i.e. when 
K = 4, the sequence space is constructed via a two- 
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AC tic 

Fig. 2. The sequence space of nucleic acid sequences of length 
2. R denotes the purine bases (A or G), Y the pyrimidine bases 
(C or U). 

fold binary assignment process [lo]. Each position 
is first assigned its base class, purine or pyrimidine, 
thereby a v-dimensional hypercube is built, and then 
the nucleotide within each base class is assigned. 
Thus a second v-dimensional hypercube at the point 
within the first v-dimensional hypercube is generated. 
The resulting sequence space then has 4” = 22v points 
and binary dimension 2v. In figure 2 this construction 
process is exemplified for sequence length v = 2. 

3. Comparative sequence analysis methods in 
distance space 

The basis of comparative sequence analysis is the 
notion of distance. The prerequisite for the compu- 
tation of the distance between two sequences is the 
alignment of the sequences. An alignment defines 
the evolutionary relationship of two homologous se- 
quences and involves the identification of the loca- 
tions of deletions or insertions that might have oc- 
curred in either of the two sequences. Since the 
problem of computing an optimal alignment of two 
or more sequences deserves an article by itself the 
reader is referred to the appropriate literature (see for 
example [ 111). In the following it is assumed that an 
alignment is possible and given. 

3. I. Pairwise distance statistics 

Several evolutionary distance measures have been 
proposed for the comparative analysis of prealigned 
sequences. The simplest, the Hamming distance 
counts the number of positions at which the two 
sequences are occupied by different symbols. For 
two random sequences the expected Hamming dis- 

tance is equal to 0.5~ for binary sequences, 0.7% 
for quatemary sequences and for K-letter alphabets 
in general it is yv. 

The basis of the following procedure suggested 
by Eigen and co-workers [2] is the diffusion process 
which is modeled as follows: starting with n identical 
quaternary sequences of equal and fixed length v, the 
sequences subsequently evolve independently and in 
parallel. We assume that the sequences may repro- 
duce erroneously with a uniform substitution rate per 
site. Based on this model the following three distance 
values are considered: 

(a) the average of the Hamming distances die be- 
tween individual sequences i and initial se- 
quence 0, 

(b) the average of the individual pair Hamming 
distances dij, 

(c) the Hamming distance dd between the consen- 
sus sequence c and initial sequence 0. 

To establish a consensus sequence of the set one 
records for each position the symbol that appears 
most frequently. Of course, the resulting sequence is 
not necessarily unique in highly diverse populations. 
However, if the number of sequences in the alignment 
is odd and the alphabet binary then the consensus 
sequence is always unique. 

Let G(t) be the expected value for the mean Ham- 
ming distance at time t between any sequence and 
the ancestor sequence. Let q(t) be the expected 
value for the mean Hamming distance at time t be- 
tween any two sequences. Furthermore let d&(t) be 
the expected value for the Hamming distance of the 
consensus and the initial sequence. Then for quater- 
nary sequences of length v the analytical expressions 
for these values are given by the following equations 
(P. Richter, personal communication; for a proof see 
also [ 121): 

G(t) = ZV (1 -exp($)) 

&(t)=zV(l-exp($)) 

d&(t) = ierfc 

(3) 
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Fig. 3. Evolutionary divergence measured by the average distance 
of individual from initial sequence z, average pair distance 
& and distance between consensus and initial sequence dd 
of sequences evolving according to the diffusion process. The 
curves represent the analytical formulae from equations (l)-(3). 

where e&(x) denotes the complementary error func- 
tion defined as 1 - -& Jiexp(-t2)dt. 

From the formula for the expected distance between 
consensus and initial sequence we can deduce that 
the two sequences coincide for quite a long time pe- 
riod before the consensus sequence starts to become 
more divergent (see figure 3). Since an experimen- 
tal determination of the initial sequence will hardly 
be ever possible it is reasonable to compute the av- 
erage distance of the individual sequences from the 
consensus sequence even if mutation times are large. 

Vice versa, from a given mean Hamming distance 
& we can compute the expected value of how many 
mutations have occurred: - 

t(G) = -iv]n ( ) l- % (4) 

Similarly from a given mean Hamming distance 
& we can deduce t: - - 

t(dio)=-:Vltl 1-z ( ) I (5) 

On the basis of the analytical formulae experimen- 
tal sequence data can be analysed with respect to their 
relative noise level. If the values t(q) and t(G) 

are equal then there is good reason to believe that 
positions evolve uniformly according to the diffusion 
model. 

Analysis of various tRNA sequences from different 
species according to this method showed an excellent 
correspondence between the mutation times t obtained 
from the experimental values & and & [2]. How- 
ever, these two values could only be brought into con- 
junction after removing the constant positions from 
the alignment. It also revealed that the divergence of 
mitochondrial tRNA sequences has proceeded much 
further than that of eubacterial or eukaryotic species. 

It should be noted that the distance analysis of 
DNA sequences based on the simple Hamming met- 
ric can be misleading if divergence has proceeded 
considerably. Then the chances of multiple substitu- 
tions at individual sites increases to the extent that 
the observed number of differences is likely to be 
smaller than the actual number of substitutions. Sev- 
eral models correcting for multiple substitutions have 
been proposed. Here we mention only the simplest 
one: 

Let d be equal to the number of substitutions per 
site since the time of divergence between two se- 
quences A and B. 
The Jukes-Cantor distance [13] is given by 

dJc(A,B) = -iln(l- ip) (6) 

where p is equal to the relative Hamming distance 
between the two sequences. 

The Kimura 2-parameter distance [ 141 is yet a fur- 
ther generalization of the Jukes-Cantor model. It takes 
into account any difference in the rate of transitions 
and transversions. Let s and v be the proportions 
of transitional and transversional differences between 
the two sequences, respectively. Then 

dap(A, B) = t In(a) + i In(b) (7) 

wherea= 1/(1-2$-v) andb= l/(1-2~). 
In the case of equal transition and transversion 

probabilities v = 2s and the Kimura 2-parameter for- 
mula reduces to the Jukes-Cantor formula. 
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3.2. Statistical geometry in distance space 

The basic idea of the method of statistical geome- 
try is to provide a quantitative method for analysing 
the topology of branching. There are several reasons 
why sequence data might not have been generated by 
a tree-like process or why the reconstruction of the 
correct tree is difficult although the data have been 
generated by a tree-like process. Different tRNA se- 
quences from a single organism are assumed to have 
a common ancestor of the same age as the genetic 
code. They are expected to have separated all more 
or less at the same time and evolved consequently 
independently and in parallel. Thus, their history is 
better represented by a bundle rather than by a binary 
tree. Non-tree relationships can also arise because of 
recombination, horizontal gene transfer, hybridisation 
or other reasons. Tree-like models can be blurred be- 
cause of different rates of mutations along individual 
branches or within individual sequences. 

Statistical geometry in distance space is based on 
the analysis of quartets of sequences. Two sequences 
define a unique pair distance, where the distance func- 
tion is assumed to be arbitrary at first. Three se- 
quences defining three pairwise distances can be ex- 
pressed unambiguously in a distance diagram. How- 
ever, in order to decide whether or not the three se- 
quences share a precursor a fourth sequence needs to 
be added. One may suspect that the question whether 
a set of n sequences is tree-like or not can only be 
answered by looking at groups of more than just four 
sequences. Fortunately, it can be proved that it is suf- 
ficient to analyse quartet correlations in order to test 
for the overall tree topology, provided all (i;) quartets 
are taken into consideration (for the proof see [15], 

U619 U71). 
Consider four sequences A, B, C and D. Let 6 

be an arbitrary distance function. Then the four se- 
quences define six pairwise distances 6(A, B), 6(A, C), 
~(A,D), ~(B,C), ~(B,D) and &C,D), and three 
distance sums 6(A, B) + 6(C, D), 6(A,C) + 6(B, D), 
6(A, D) + 6(B,C). We order these three distance 
sums by magnitude and label them as L, M and S, 
with L > M > S. 

The six di&nces can always be matched to a dia- 
gram with six segments (for a proof see [18]) result- 
ing as solutions from the following equation system: 

/ 

a 
yb 

B 

yd 
\ D 

b, )-< 
c) 

X 

Fig. 4. Distance space graphs of 4 sequences. a) the gen- 
eral graph, b) ideal dendrogram (p = 0). c) ideal bundle graph 
(a = p = 0). 

yA=~(s(A,B)+s(A,c)+s(A,D)-L) 

Ys= $(A,B)+~(B,c)+~(B,D)-L) 

Yc = ; @(A, C) + 6(B, C) + 6(C, D) - L) 

YD= $(A,D)+6(B,D)+S(C,D)-L) 
(8) 

a= i(L-S) 

p= i(L-M) 

The representative general diagram is shown in 
figure 4a. The distance segments YA, ye, Yc, ye are 
the lengths of the four protrusions and a and p are 
the lengths of the inner rectangle. 

We can distinguish the following cases: (1) all 
three distance sums are equal, then L = M = S and 
therefore a = p = 0, (2) two distance sums are equal 
and larger than the third, then L = M > S and thus 
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p = 0, a > 0 and (3) all three distance sums differ, 
then L > M > S and therefore p > 0, a > 0. In case 
(1) the resulting diagram is a star graph representing 
an ideal bundle (fig. 4c) and in case (2) the resulting 
diagram is a perfect dendrogram representing an ideal 
tree (fig. 4b). A positive value p and/or the ratio p/a 
is therefore a measure of “deviation from ideal tree- 
likeness“. For random sequences this ratio is equal 
to 0.5. 

For a set of n sequences the method becomes sta- 
tistical by looking at all possible (3 quartets and 
constructing the average distance diagram. As men- 
tioned above one can prove that the set is an ideal 
tree if each of the quartets are ideally tree-like, that is 
if all (i) values p are zero and all values a are pos- 

itive. Hence, the averages p and E and/or the ratio 
p/& are qualitative measures how much the sequence 
set deviates from an ideal tree. 

For a set of binary sequences evolving according 
to the diffusion process as modeled in the previous 
section the values of the mean protrusion lengths as 
well as the rectangle lengths tend with increasing 
mutation divergence toward a saturation [19]. The 
value p approaches quickly its saturation point, thus 
showing how insensitively it reacts to randomization. 

The mean distance space graphs of two different 
virus families are shown in figure 5. In figure 5a 
the NS gene of 15 DNA-sequences of Influenza A 
isolated between 1933 and 1985 was analysed In 
figure 5b the average distance diagram of a set of 
Polio DNA-sequences is shown. The data set was 
taken from [20] and comprised 57 sequences of Polio 
type 1 with 150 bases that were isolated in 5 different 
continents during a span of 31 years. 

3.3. Testing phylogenetic trees 

A modification of the statistical geometry in dis- 
tance space was proposed by Rodrigo and Dopazo 
[21]. The authors applied the method to test each 
individual inner branch of a given computed phylo- 
genetic tree. In this case not all (i) quartets that can 
be chosen from a set of II sequences are analysed, but 
only those that arise from the clustering defined by 
the respective branch (figure 6). The six pairwise dis- 
tances of each quartet given by the branching order 
are computed, and the parameters p and 01 are ob- 

4 

b) 

1% - 
Fig. 5. The mean distance space graphs of (a) 15 Influenza-A 
DNA-sequences and (b) 57 Polio DNA-sequences. 

mined from these data. The ratio D/E of the mean val- 
ues then indicates the amount of “noise” in the data, 
and could therefore be used to quantify the reliability 
of that branch. The authors coined the term branch 
noise analysis (BNA) to characterize this method. 

An exhaustive evolutionary analysis of the picor- 
navirus family using the amino acid sequences of sev- 
eral proteins was carried out by Rodrigo and Dopazo 
in order to define unambiguously the different genera 
within this family. Several methods besides the BNA 
method were used to test the reliability of the com- 
puted phylogeny. In their study the authors showed 
that there is a clear relationship between unreliable 
branching points in the picornavirus family (as shown 
independently by the bootstrapping procedure [22]) 
and large degree of evolutionary noise (as indicated 
by B/a ratios close to 0.5). 
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Fig. 6. Testing the reliability of a specified branch-of a phy- 
logenetic tree. The average tree-likeness parameter p/E of the 
statistical geometry in distance space of all quartets arising from 
the branching order as shown is used. 

4. Comparative sequence analysis methods in se- 
quence space 

4.1. Consensus-deviation method 

The following procedure enables the detection of 
variable positions. Given an alignment S of n se- 
quences of length v we first determine the consensus 
sequence, denoted as Ms. We assume that the con- 
sensus sequence MS is unique. For every position j 
in the alignment let 6i be equal to the number of 
sequences that differ from the consensus sequence 
at position j. The frequency distribution f(Sj) of 
the positional distances 6j then provides information 
about the degree of divergence in the given data set. 
Thus a distribution of binary sequences with a peak 
at 6 = OSn signals complete randomization. In fig- 
ure 7 histograms for f(S) obtained by simulating a 
diffusion process of binary sequences are shown. 

By applying this procedure to various sets of tI2NA 

Fig. 7. Plot of the frequency of deviations from the consensus. 
A diffusion-like divergence process with uniform probabilities 
of substitution was simulated using n = 30 sequences of length 
v=lOOO. 

sequences it was possible to distinguish constant from 
variable positions in the tRNA alignment ([2], [3], 
[23], [24]). It showed that most of the constant posi- 
tions are situated in the loops and most of the vari- 
able positions can be found in the stem regions. The 
constant positions do not necessarily represent an- 
cestral information but rather functional constraints. 
The variable positions, which could further be dis- 
tinguished as moderately and highly variable, en- 
code functions that require discrimination of individ- 
ual tRNAs. 

4.2. Statistical geometry in sequence space 

The formal definition of the method of statistical 
geometry in sequence space was published by Eigen 
and co-workers in 1988 [l] (reviewed in [19]). This 
method was proposed as an extension of statistical 
geometry in distance space. Statistical geometry in 
sequence space is a model-free procedure for evaluat- 
ing the underlying phylogenetic relationships among 
a sequence set based on the position-wise entries of 
the sequences. It was first introduced using the un- 
weighted Hamming metric [ 11, and was later extended 
to the use of arbitrary metrics ([25], Nieselt-Struwe 
et al., submitted). 
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4.3. Statistical geometry with the Hamming metric 

Let us illustrate the principle of the statistical ge- 
ometry in sequence space for the case of four binary 
sequences and the Hamming metric. Let A, B, C, D be 
four sequences of length v from a binary alphabet 9l. 
We denote the letters of the alphabet by 0 and 1. We 
imagine the four sequences to be written in the form 
of a matrix, where the rows are the sequences, and 
the columns refer to the positions in the sequences. 
We first want to determine all the possible combi- 
nations of “equal/non-equal” entries of four binary 
sequences when regarding only a single column. We 
can distinguish eight such combinations if the order 
of the sequences is kept (figure 8): in the first cate- 
gory the four sequences have equal entries, then there 
are four categories where one of the four sequences 
differs from the other three and finally there are three 
categories in which there are two pairs of equal en- 
tries. For a given sequence alignment we sum up the 
number of positions in each of the eight categories. 
For these sums let us introduce the following nota- 
tion: we count the number of positions at which the 
entries of the four sequences are equal. We denote 
this number by g(ABCD). Similarly, we count the 
number of positions at which the entries of sequence 
A differ from the three sequences B, C and D, and 
denote this number by g(A(BCD). In the same way 
g(ABJCD) counts the number of positions where A 
and B as well as C and D have distinct pairwise equal 
entries. 

We call the parameters g( .I.) the sequence space 
parameters of the quartet. Note that the sequence 
length v is equal to the sum of all eight sequence 
space parameters g(. ) .). 

The remarkable feature of these eight parameters 
is that neither permutations of the positions of the 
alignment nor permutations of the elements of the 
alphabet change them (for a proof see [12]). Thus 
the sequence space parameters are so-called invari- 
ants. As an example let us look at the following four 
sequences: 

A = 0110 

B = 0101 

c = 0011 

D=OOOO 

do x=4 _ 

g(ACIBD) 

B 

Fig. 8. The sequence space graph of quartets of binary sequences. 
There am eight position categories: in D = (ABCD) all four 
sequences have equal entries, in a = (AIBCD), b = (BIACD), 
c = (CIABD), d = (DIABC) one sequence differs from the other 
three, in x = (AE(CD), y = (ACIED), z = (ADIBC) there are two 
pairs of sequences with equal entries. Summing up the number of 
positions in the alignment in each of the eight position categories 
gives rise to the eight distance segments g(.J.). The seven 
distance segments referring to the non-homogeneous positions can 
be represented by a graph as shown below, where the exterior 
vertices correspond to the four sequences and the lengths of the 
edges arc equal to the respective distance segments. 

Then 

g(ABCD) = 1 

g(AIBCD) = g(BIACD) = 

g(CIABD) = g(D(ABC) = 0 

g(ABlCD) = g(AC(BD) = g(AD(BC) = 1 

Now we permute the columns of the alignment by 
x = (2431) and exchange 0 by 1 within each column. 
This yields the four sequences 
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A’ = 1100 

B’ = 0110 

c’ = 0101 

D’ = 1111 
and clearly the same sequence space parameters: 

g(A’B’C’D’) = 1 

g(A’jB’C’D’) = g(B’IA’C’D’) = 

g(C’IA’B’D’) = g(D’IA’B’C’) = 0 

g(A’B’lC’D’) = g(A’C’@‘) = g(A’D’I&C’) = 1 

The next step is to represent the sequence space pa- 
rameters by a graph (figure 8). This graph is now 
a box, whose dimensions are equal to g(ABICD), 
g(ACIBD) and g(ADIBC), with four protrusions (re- 
ferring to g(AIBCD) etc.) connecting to the four ex- 
terior vertices, which represent the four sequences. 
As in the case of the distance space graph, the un- 
derlying topology can be deduced from the sequence 
space graph: while an ideal tree will show only one 
positive box dimension, the box dimensions of an 
ideal bundle are all zero, and the box dimensions of 
four random sequences, representing a netted topol- 
ogy, are all of similar magnitude. 

The extension of the procedure to larger alphabets 
is straightforward. For a quaternary alphabet such 
as the nucleic acid alphabet in addition to the eight 
sequence space parameters seven further ones have 
to be added: there are six position combinations in 
which there is exactly one pair of equal entries (yield- 

ing gWICI% .#CIW, gWIBI% @CIAI~)~ 
g(BDIAIC), g(CDIAIB)) and one category of all un- 
equal entries (leading to g(AIBICID)). The represen- 
tative graph in which the sides of the triangles com- 
prise 5/6 of the average of the six tetrahedral di- 
mensions plus the value of g(AIBICID) is shown in 
figure 9. 

How does the method extend to sets of n > 4 se- 
quences? As in the case of the statistical geometry in 
distance space, for each quartet the sequence space 
parameters are computed. Since the order of the se- 
quences can no longer be kept, the four protrusion 
parameters are ordered by magnitude, as well as the 
three box dimensions, denoted by L(box), M(box), 
S(box), and (for quatemary alphabets) the six tetra- 

/ 

g(BIACD) 

B 

Fig. 9. The sequence space geometry of a quartet of quatemary 
sequences. In addition to the positions categories of binary 
sequences, there is one position category with six realizations in 
which there is exactly one pair of equal entries and one position 
category in which all entries differ from each other. k is then 
equal to S/6 of the average of the tetrahedral dimensions plus 
the number of positions with all different entries. 

hedral dimensions, denoted by L(tetru), M(tefru), 
S(tetru). In addition we compute the sums of the se- 
quence space parameter within each position class as 
follows: 

do = g(ABCD) 

is equal to the number of homogeneous positions, 

dl = g(AIBCD) +g(BIACD) +g(CIABD) 

+gPIABC) 

is equal to the number of positions for 
sequence differs from the other three, 

which one 

d2 = g(ABICD) + g(ACIBD) + g(AWC) 

is equal to the number of positions with two pairs of 
equal entries. In addition, for quatemary sequences 

d3 = g(ABJCID) + . . .+ g(ADlBlC) 

is equal to the number of positions with exactly one 
pair of equal entries, and finally 

4 = g(AIBICID) 
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is equal to the number of positions with no pair of 
equal entries. 

Then the averages of each of the sequence space 
parameters for all (3 quartets are computed, leading 
to the statistical sequence space parameters. The 
corresponding graph is called the statistical geometry 
of the sequence set. 

From this graph the underlying global topology 
of the sequence set can be deduced: a tree-like 
topology will show one large box dimension (and 
two large tetrahedral dimensions for quaternary se- 
quences), while a bundle-like topology has inner box 
and/or tetrahedral dimensions of similar magnitude. 

Formally we define the tree-likeness T and the 
bundle-likeness B of the sequence set by: 

T = L(box) +L(retru) 
&+& 

B= 
L(box) +S(box) +L(tetru) +S(tetra) 

2. M(box) +M(tetru) 
(10) 

-- 
where d2, d3 denote the averages of the sum of the 
three box dimensions and the averages of the sum of 
the six tetrahedral dimensions respectively. Note that 
in binary sequence space the tetrahedral parameters 
are equal to zero. 
For sequence sets that can be represented by ideal 
trees, T = 1 and B = 00, whereas sequence sets gener- 
ated by diffusion-like processes yield ideal cube-like 
graphs with B = 1 and T = l/3. 

As examples of model topologies a bundle-like di- 
vergence and two tree models were analysed. Fig- 
ure 10 shows the average sequence space parameters 
&,. . .,& as functions of relative mutation distance 
obtained from analytical formulae [ 121 assuming par- 
allel and independent divergence with uniform sub- 
stitution rates. 

The sequences of the two tree models were gen- 
erated using the program Seq-Gen [26]. This pro- 
gram simulates the evolution of nucleotide sequences 
along a specified phylogeny given some model sub- 
stitution process. The models and the corresponding 
quatemary statistical geometry graphs are shown in 
figure 11. 

As biological examples, the geometries of the DNA 
sequences as well as deduced purine/pyrimidine se- 
quences of the Influenza virus and the Polio virus as 

%‘oo,o n 

Aha 0,o 1 I 1 I infinity 

mutation time t/v [%] 

Fig. 10. The five statistical sequence space parameters &, . . . ,& 
of quartets of quatemary sequences as a function of the relative 
mutation time t/v. A diffusion-like process with uniform substi- 
tution probabilities was assumed. The values z were calculated 
using the analytical formulae derived in [12]. 

used above are shown in figure 12. 
The sequence space diagrams of the Influenza virus 

are almost ideally tree-like, thus confirming the time- 
resolved tree according to Buonagurio and co-workers 
[27]. Based on that tree the authors determined an 
average rate of fixation of 1.9 mutations per 1000 
residues per year, a result also found by Eigen and 
Nieselt-Struwe [4] using the temporal increase of the 
box dimensions of adjacent quartet combinations (i.e. 
of all individual quartets that are separated by an edge 
in the time-resolved tree). 

The divergence pattern of the Polio virus is entirely 
different from that of the Influenza virus. While the 
first and the second codon positions appear almost 
invariant, the third codon position is largely random- 
ized. Nearly every mutation changing the amino acid 
sequence of this region would apparently be lethal 
for the virus. 

Eigen and co-workers applied the method of statis- 
tical geometry to various tRNA sequences [24]. They 
showed that those tRNA sequences corresponding to 
a specified amino acid from different organisms form 
a tree-like topology, whereas all the tRNA sequences 
from a single organism form a bundle-like topology. 
The root of these bundles mark the time of fixation 
of the genetic code and/or the time of assignment 
of amino acids to their cognate tRNAs. From their 
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do = 92.6% do = 97.7% 

/ 

do = 16.0% 
5% 

do = 98% do = 99% do = 98% 

1% 

Fig. 12. Statistical geometries of the influenza A virus and the Polio-l virus. The three graphs in each row refer to the statistical 
geometries of the first, second and third codon position of the gene considered. The upper row in (a) and in (b) shows the graphs of 
the DNA-sequences, the lower row represents the graphs of the sequences translated into the purine/pyrimidine sequence space. The 
parameter do is equal to the relative mean number of homogeneous positions in each quartet in percent of the sequence length. In (a) 
a unit length referring to 1% distance (relative to sequence length) is shown, for (b) the scale of 5% distance is drawn. (a) Mean 
geometries of 15 sequences the NS gene of Influenza A. (b) Mean geometries of 57 sequences of a region of the VPlRA gene of Polio-l. 

studies the authors concluded that the genetic code is 
not older than 3.8 billion years and therefore younger 
than the age of our planet (being approximately 4.7 
billion years). 

The method of statistical geometry allows not only 
the computation of the DNA geometries or of their 
deduced purinelpyrimidine sequences, but also the 
direct visualization of the geometries based merely 
on transitional mutations. It also allows the cal- 
culation of the ratio of transitional changes versus 
transversional changes. The procedure is based on 
the construction of the nucleic acid sequence space 
as a two-fold binary hypercube. In order to compare 
the degree of transversional divergence with the de- 
gree of transitional divergence we first translate the 
quartet of DNA-sequences into the purine/pyrimidine 
sequences. For these sequences the sequence space 

parameters do, dl and d2 are computed. Then the 
relative number of transversional changes is equal to 

dl +d2 v=- 
V 

(11) 

where v is equal to the sequence length. 
Now we consider all the positions that are homo- 

geneous in the RY-space, i.e., all positions which 
sum up to do. Any changes in this subspace on the 
DNA-basis refer exclusively to transitional changes 
and thus give rise to a binary sequence space graph. 
We denote the corresponding sequence space param- 
eters by dw, do1 and do2, where do0 is equal to the 
number of homogeneous positions in the subspace of 
transitions, 61 is equal to the number of positions 
where one entry differs from the other three and do2 
is equal to the number of positions with pairwise 



K. Nieselt- StruwdBiophysical Chemistry 66 (IYY7) I I I-131 122 

a) 

do = 22.7% 

_\ 

b) 

1% 

Fig. Il. The statistical geometries of hvo tree models as shown 
to the left. The corresponding DNA-sequences were generated 
using Seq-Gen, a Monte Carlo type simulation program [26]. 
Independent and uniform evolution with equal transition and 
tranversion probabilities was assumed. In both models the length 
of the sequences was equal to 1000. 

equal transitional entries. The first index 0 indicates 
that the sequence space is do-dimensional. The rel- 
ative number of transitional changes is consequently 
computed by 

s= dol+doz 
do 

(12) 

For sets of more than four sequences the average ratio 
of transitions to transversions is deduced from the 
average parameters s and v from each of the quartets 
considered. 

In table 1 some examples of computed ratios of 
transitions versus transversions from virus sequences 

Table 1 
Ratio of transitional to transversional changes in Influenza A and 
Polio type 1 virus. The ratio was determined for each codon 
position of the genes considered. 

Codon position Influenza A Polio 1 

are shown. 

4.4. Statistical geometry with arbitrary metrics 

So far we have defined the method of statistical 
geometry in sequence spaces with a Hamming met- 
ric. But the Hamming metric is not such a useful 
metric for the examination of amino acid sequences, 
for example. In this section we present an exten- 
sion of statistical geometry to sequence spaces with 
arbitrary dissimilarity functions between the symbols 
of the alphabet. This generalized method allows, for 
example, the analysis of amino acid sequences with 
Dayhoff-like or other substitution matrices. 

As we have shown in section 3 four sequences 
A, B, C,D with any dissimilarity function 6 yield a 
canonical distance space graph (fig. 4). In order to 
apply this concept to arbitrary sequences we assume 
that a reasonable distance function 6 between the 
symbols of the alphabet is given. In 1978 Dayhoff 
and co-workers [28] suggested such an exchange ma- 
trix for amino acids, which was later modified by 
Gonnet and co-workers [29]. Each position in the 
alignment of the four aligned sequences A, B, C, D 
each of length v is analysed separately as follows: 
Assume that at position I the entries of A, B, C, D 
are w, x, y, z respectively. Then a(~,, B,) = S(w,x), 
6(A,, Ct) = 6(w,y) and so on. Thus we can compute 
six pairwise distances and the three distance sums. 
The three distance sums are ordered by magnitude 
and the six distance segments YA, ‘ye etc. of the dis- 
tance space diagram are deduced. On the other hand 
we can identify the distance space diagram with the 
binary sequence space diagram where the third box 
dimension has length zero in the following way: 

AtpositionZ,ZE{l,..., v} let LI be equal to the 
maximum of the three distance sums. Then we define 
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2.25 5.14 

Fig. 13. Weighted statistical geometries of the Polio-l virus. 
The same sequences as in figure 12 were used. In (a) the 
DNA-geometry was calculated using a dissimilarity function on 
the ATGC-alphabet weighing transversions 4 times higher than 
transitions. In (b) the weighted statistical geometry of the deduced 
amino acid sequences was computed using the Gonnet exchange 
matrix. For each graph a unit length referring to 5 times the 
mean distance of the dissimilarity values is shown. 

gf(ADIBC) := ; (L, - ~(AI, DI) - ~(BI, CI)) 

g&WCD) := "IA 

&W’D) := YE 

g,(CIABD) := YC 

g@IABC) := YD 

This is done for each position in the alignment and the 
respective distance segments are summed up, yielding 

d.1.) = Cd.l.). 
The corresponding weighted graph for A, B, C, D 

with the four protrusion segments g(AIBCD) , 
g(BJACD), g(CIABD), g(DIABC), and the three box 
dimensions g(ABICD), g(ACIBD), g(ADIBC) is sim- 
ilar to the binary sequence space graph as shown in 
figure 8. 

An extension to sets of more than 4 sequences is 
done equivalently to the unweighted case, as is the 
definition of the tree-likeness and bundle-likeness of 
the set. 

As an example let us reexamine the Polio sequences 
used above. Since the ratio of transitional versus 
transversional mutations was computed to be approx- 

imately 2 for the third codon position, the weighted 
statistical geometry taking this ratio into account was 
computed. The corresponding weighted statistical ge- 
ometry is shown on the left in figure 13. In addition, 
the statistical geometry of the deduced amino acid se- 
quences using the Gonnet exchange matrix [29] was 
calculated (right graph in figure 13). The geometry is 
now ideally tree-like, the inner box dimension how- 
ever is small in comparison to the protrusions. 

4.5 Statistical geometry and the reliability of phy- 
logenetic trees 

The method of statistical geometry in sequence 
space cannot only be used for the a priori assessment 
of the topological structure of a sequence set, it is 
also a successful tool to test the hypothesis of a de- 
fined clustering. The latter can readily be applied to 
test proposed branching of a given phylogenetic tree, 
similar to the procedure described in section 3.3. In 
other words it is also an a posteriori method for test- 
ing the reliability of a reconstructed tree. The proce- 
dure is evident: The sequence set is partitioned into 
four subsets. Let these four subsets contain nl, n2, 
ng and nq sequences respectively. Then the sequence 
space parameters of the nl . n:! . n3 nq possible quar- 
tets are computed and from these the relevant aver- 
ages are deduced. If one of the inner box dimensions 
and/or tetrahedral dimensions is much larger than the 
other ones, then this is an indication that two groups 
share a common ancestor. 

In figure 14 the statistical geometries of five hu- 
man and simian immunodeficiency virus (HIVEIV) 
groups in the purinefpyrimidine sequence space and 
in the amino acid sequence space are shown. The 
hypothesis was tested that all HIV and SIV groups 
share a common ancestor from which the five groups 
evolved rapidly and independently, and therefore the 
sequences in the earliest node are best represented by 
a bundle-like topology. From the five groups (3 = 5 
partitions into four clusters can be chosen, and for 
each of them the statistical geometry is shown. The 
gag gene was chosen, a gene encoding the core of 
the virus, and after removing all gap positions from 
the alignment the sequences were translated into the 
purinelpyrimidine sequences. In addition, the geome- 
tries of the deduced amino acid sequences were com- 
puted using the Gonnet exchange matrix. From the 
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HIV- I HIV-l 

SNi4ND 
HIV-1 

SN-AGM A 
SIV-MND 

HIV-2 

HIV-1 

x-SYK sIv)$i::K 
SN-MND 

HIV-I HN-1 

HIV-2 A SIV-SYK 
SIV-MND 

HIV-1 

HN-2 

A SI -AGM SIV-SYK 
SIV-MND 

HIV-2 

hi 
SIV-AGM SIV-SYK 

5% 

Fig. 14. Graphs of the statistical geometry anal- 
ysis of 1254 positions of the gag gene of 
HIV-l/HIV-2/SIV-AGIWSIV-MND/SIV-SYK. The five groups 
were combined into the (i) = 5 possible 4-partitions. The 
five diagrams on the left represent the geometries of the 
RY-sequences using the Hamming metric, on the right the 
geometries of the amino acid sequences using the Gonnet 
exchange matrix arc shown. For the left column a unit length 
referring to 5% (relative to the total sequence length) is shown. 
For the right column a unit length referring to 5 times the mean 
distance of the entries in the Gonnet matrix is shown. 

geometries it is evident that indeed all five groups 
show no obvious branching order. Similar results 
have been obtained using the DNA-sequences as well 
as the sequences of other genes of the virus, such as 
the gene for the envelope protein. 

By combining tree reconstruction methods with 
this adaptation of the method of statistical geometry, 
Schubert and co-workers [30] were able to recon- 
struct reliable phylogenetic trees of homeobox genes 
both from insects and vertebrates. The remarkable 
linear order of homeobox genes both in insects and 

vertebrates, as well as the close correlation of the 
genes’ expression boundaries and their position on 
the chromosome, have challenged scientists to ex- 
plain the evolutionary steps leading to this organi- 
zation. From their studies Schubert and co-workers 
concluded that there was (i) a common ancestor for 
all vertebrate homeobox gene clusters, from which 
the clusters evolved by duplication, and (ii) a subdi- 
vision of the vertebrate and insect homeobox genes 
into three classes corresponding to the three main re- 
gions of the embryo. From this ancient three-gene 
cluster subsequent duplication events led to a clus- 
ter of at least five homeobox genes in the common 
ancestor of vertebrates and insects. 

4.6. Monte Carlo and statistical geometry 

A Monte Carlo type method of resampling 
introduced by Archie [31] and Faith ([32]; see 
[33]) and its application to statistical geometry 

WaS 

also 
WaS 

proposed by Eigen and co-workers [l]. It is used to 
test the hypothesis that there is no tree-likeness in 
the data and involves the successive permutation of 
the entries in the columns of the sequence alignment. 
This produces alignments of the same number and 
kinds of characters but no taxonomic structure. Note 
that this procedure leaves (i) the consensus sequence 
and (ii) the mean Hamming distance unchanged. One 
computes then the bundle-likeness parameter B as a 
function of the number of changes. If that statistic 
then shows a tendency to decay toward a value close 
to one, then there is some taxonomic structure in the 
data (though perhaps it might be just a pair of sibling 
species). If on the other hand the quantity fluctuates 
randomly no residual tree-likeness is present in the 
data. 

Figure 15 demonstrates the application of this pro- 
cedure to the Polio sequences as used in the pre- 
vious sections. The third codon position of the 
purinefpyrimidine sequences were successively shuf- 
fled within each of the 50 positions, and the bundle- 
likeness parameter B as defined in equation (10) was 
plotted against the relative number of shuffling steps. 
The plot clearly shows a decay of the bundle-likeness 
parameter toward B = 1.0, which is indicative of a 
certain degree of residual tree-likeness in the data. 
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In the following we want to write down analytical 
expressions for the binary sequence space parameters 
g(t), &(t) and &(t) at time t. Again t is chosen 
such that on average one mutation per sequence per 
time unit appears. Then 

&(t)=;(1+6e++ed) (13) 

(141 

(151 

For t > 0 let 

I1 (t) = &(t)/&(t) 

and 

r2(t) = &(t)/&(t). 

Given rl and/or r2 we are interested in t: 

(16) 

(171 

However, in most cases of sequence evolution the 
assumption that each position evolves with the same 
rate is inappropriate. This is especially true when 
considering coding sequences. For example as we 
have seen in figure 12 the sequences of the Polio gene 
VP1/2A showed almost completely identical first and 
second codon positions, and a largely randomized 
third codon position. 

How can we detect whether or not in the diffusion 
model defined above the sequences evolve with uni- 
form mutation rate or not? Assuming one uniform 
mutation rate a temporal reconstruction could be ob- 
tained from the mean Hamming distance. From a 
given mean Hamming distance the relative mutation 
time t can be obtained from equation (4). One pa- 
rameter however can always be fitted. But we can 
immediately find out whether the assumption is cor- 
rect. If the sequences mutate with one uniform rate -- 
then for given sequence space parameters do, di and 
z and/or ratios rl and r2 the two times t(q) and 

t (r2) would have to coincide. If the two times dif- 
fer (substantially) then the sequences mutate with at 
least two different rates. 

We therefore want to generalise to a model in which 
there are r different typical substitution times ti and 
in whichvi,... , vr positions evolve with substitution 
times tl , . . . , tr respectively [ 121. --- 

Then for a given set of parameters { du, di , d2) the 
following system of equations has to be solved: 

do(tl)+dO(t2)+.‘.+dg(t,) =&(t) 

;i;(t,) +T(tz) +. . .+&(t,) = &(t) 
(18) 

&(t*) +&(t2) + ” .+Z(t,) = Z(t) 

And the following conditions have be fulfilled for 
each i: 

t(rl) = t(r2) 

&(ti) +T(ti) +&(ti) =Vi 

This is a non-linear system of equations in the 3r 
unknowns&(ti),j=0,1,2andi=l,...,rforgiven 
values v, do, dt and &. In general it is only possible 
to solve these equations numerically. The following 
iterative procedure has been suggested [12]: 

In the first step the value r is determined. Let 
r = 1. Then the equation system (18) is automatically 
satisfied, so that one only needs to check whether 
t(q) = t(r2). If the equation is not satisfied, there 
must be more than one substitution rate. 

Consequently r is set to 2 and the respective equa- 
tions are solved. If that, too, proves impossible, r is 
set to 3 and so on. 

5.1. A model for the dating of diffusion processes 
exemplij?ed for the AIDS-Mrus 

The computation of the statistical geometry of 
the different HIV/SIV groups revealed a bundle-like 
topology for the common ancestor of the five groups 
(see fig. 15). This allows us, with the help of the 
analytical formulae developed in the last section, to 
estimate the age of the earliest node in this graph (see 
also [4] and [36]). In figure 17 a schematic graph of 
the HIV/SIV phylogeny is drawn. We assume that 
the sequences have evolved from a common ancestor 
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Fig. 17. Schematic graph of the phylogenetic relationships of the 
different HIV-SW groups. From a given calibration time point 
T the divergence times To, Tl and T2 are to be determined. 

at time Tn independently and in parallel. At different 
times z new sequences have been generated through 
punctuation events. A calibration time is given by 
time T. 

We first make the assumption that the sequences 
evolve with one uniform substitution time t. Then 
a temporal fit can be obtained from the mean Ham- 
ming distances within each group. For a given mean 
Hamming distance & the relative mutation time t can 
be computed from equation (4). In table 2 the mean 
Hamming distances for two different genes are listed, 
as well as the resulting relative mutation time t of 
the four groups which form bundle-like graphs. The 
deduced absolute ages have been obtained assuming 
a calibration time T for the HIV-l USA group of 15 
years (reference time is 1985, the year of isolation 
for the sequences used). 

From these computations it follows that the age 
of the common ancestor of all known five HIV/SIV 
groups is approximately 600 to 1100 years, a result 
also found by Li and co-workers [37]. 

In order to test the assumption of a uniform muta- 
tion substitution probability, the statistical sequence -- 
space parameters do, dt and & of the different groups 
were computed for both genes translated into the 
purine/pyrimidine sequences. From the two ratios -- -- 
dt/dc and d2/dt the relative mutation times were 
deduced according to equations (16) and (17). The 

f 4,0- 

5 _ 0 HIV-1 USA 
0 HIV-1 AFRICA 

a 
. 0 Early Node 

03 20,o 40.0 60,O 60,O 100,o 

mutation time t/v [%] 

Fig. 18. Relative mutation times of the envelope gene and the 
core gene of different HIV/SW groups, which were computed -- -- 
from the ratio rl = dl /do and r2 = dl/dl of the mean statistical 
geometry parameters using the equations (16) and (17). The open 
symbols represent the values of the envelope gene, the closed 
symbols those of the gag gene. 

values are plotted in figure 18. 
From the plotted values it is evident that in none 

of the cases the mutation times coincide. Further- 
more, since the ratio r:! is always larger than the ratio 
11 one can deduce that there is a large number of 
constant positions. However, the addition of a sec- 
ond typical substitution time does not suffice to fit 
the data. A minimum of three substitution times was 
needed to solve the equation system (18) unambigu- 
ously for all groups [12], [4]. The positions evolving 
with these different probabilities of substitution are 
categorized as constant, variable and hypervariable, 
thereby reflecting different resistances to the fixation 
of mutational change. 

In table 3 the results of solving the equation sys- 
tem with three position categories are presented for 
both genes considered. From the deduced relative 
divergence times the absolute ages were determined 
using a reference time of 15 years for the HIV-l USA 
group. 

6. Computer implementation 

Statistical geometry is naturally a method to be 
used with a computer. Therefore the author has writ- 
ten an easy-to-use, completely menu-driven program 
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Table 2 
Relative mean Hamming distances of the listed groups of the envelope (ENV) and the core (GAG) gene with the resulting relative 
divergence times r and absolute ages. 

Gene Group &IV t/v Ages [Years] 

HIV-l USA 0,005 0,003 15 

HIV-l Africa 0,049 0,026 130 
ENV 

HIV-2+SIV-MIWSM 0,097 0,054 270 

Earliest node 0,292 0,219 1095 

HIV-l USA 0,005 0,003 15 

HIV-l Africa 0,025 0,013 65 
GAG 

HIV-2+SIV-MM&M 0,063 0,034 170 

Earliest node 0,217 0,136 680 
-I 

Table 3 
Temporal reconstruction of the common ancestor of different HIV/SIV groups, resulting from the relative divergence times (th, tv, rc) 
of the envelope (ENV) and core (GAG) sequences in the purine/pyrimidine space. Three categories of positions have been found 
(hypervariable VJ,, variable vy and constant v,). If the time of divergence of the HIV-l USA group is 15 years, then the corresponding 
lower bound for the ancestor of the HIV-l Africa group is obtained from 4(Africa)/&(USA), for the ancestor of the HIV-2LSIV group 
from t,,(HIV-2)/r,,(Africa)+&(HIV-2)/r,(Africa), and the lower bound for the earliest node is found from r,(ECarliest node)/f,(HIV-2). 

I ENV gene: v = 1896 X+,/V = 0.02 V,/V = 0.73 V,/V = 0.25 I 

GAG gene: v = 1230 VJ,/V = 0.02 v,/v = 0.56 v,/v = 0.42 

HIV-l USA HIV-I Africa HIV-2 & MIWSM Earliest node 

th/vh 0.15 0.32 0.66 

t,lv, 0.00 0.02 0.08 0.327 

Ages [ye=1 15 30 110 >> 500 

package, called STATGEOM, which is easily imple- 
mented on almost any computer system. STATGEOM 
allows the computation of the statistical geometry of 
any set of binary sequences, nucleotide sequences or 
amino acid sequences both in distance and sequence 
space. Extensive output as well as postscript graphs 
provide an interpretation and illustration of the re- 
sults. STATGEOM is available free of charge under 
the following address: 

http://www.mpibpc.gwdg.defkniesel. 

7. Quadruple mapping 

Recently a simple method, called likelihood map- 
ping, for the visualization of the phylogenetic content 
of a sequence alignment has been developed [38]. 
The purpose of likelihood mapping is to display the 
tree-likeness of each quartet of a sequence alignment 
in a single graph. The values for the tree-likeness are 
obtained from the three maximum likelihoods belong- 
ing to the three possible fully resolved unrooted trees 
of quartets using any model for the evolution of the 
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sequences. The three likelihoods are transformed into 
probabilities and the corresponding vector is mapped 
onto a two-dimensional simplex. The three comers 
of the simplex are the attractors of the three trees (see 
left simplex graph in figure 19a). Furthermore this 
simplex can be subdivided into seven areas, each be- 
ing the basin of attraction of either one of the three 
fully resolved trees, or the region of the star phy- 
logeny or the three rectangle geometries, where it is 
not possible to decide between two topologies (see 
right simplex graph in figure 19a). 

Statistical geometry is easily applied to this proce- 
dure, and is accordingly coined quadruple mapping 
(Nieselt-Struwe and von Haeseler, in preparation). In 
contrast to the likelihood mapping method, the like- 
lihood values are not used, but rather the values ob- 
tained from computing the sequence space parame- 
ters of each quartet. Since the degree of tree-likeness 
is decided on the basis of the box dimensions of 
the graph, we let x be equal to the support of the 
grouping of sequence A and B against sequence C 
and D, y be equal to the support of the grouping of 
sequence A and C against sequence B and D, and z 
be equal to the support of the grouping of sequence 
A and D against sequence B and C. We then define 
the vector s = (s~,sz,s~) where si = x/(x+y+z), 
s2 =y/(x+y+z), $3 =z/(x+y+z). s is mapped 

onto the two-dimensional simplex 

s= (s1e1 +sze2+sse3ISl+S2+S3 = 1, 

where the ei are the unit vectors. The computation 
of the basins of attraction is done exactly as in the 
likelihood mapping procedure. 

In figure 20 we have shown the simplex graph 
from clustered HIV/SIV gag sequences used above. 
Though one tree seems to be favored, as indicated 
by the lower left simplex, the representation of all 
seven basins of attraction reveals that in fact all quar- 
tets form bundle-like topologies and are thus situated 
in the bundle attractor’s area. This result stands in 
close accordance to the statistical geometries shown 
in figure 14. 

For a set of n sequences there are (i) possible 
quartets, if the sequences are not clustered. In this 
case we cannot distinguish seven areas in the trian- 

4 A 

b) 

/ I I 
clo. 1) (0.1/2,1/2) 

Fig. 19. (a) Mapping of the support vector s = (st , ~2, $3) onto the 
two-dimensional simplex using barycentric coordinates similar to 
the likelihood mapping procedure suggested by von Haeseler and 
Strimmer [38]. The comers in the upper left simplex represent the 
three fully resolved trees of four sequences with their respective 
basins of attraction. The upper right simplex shows the seven 
basins of attraction representing the three fully resolved trees, 
the bundle tree and the three regions of the rectangle topologies. 
(b) If unclustered sequences are used the complete simplex can 
be subdivided into six symmetric triangles. Each triangle has 
three basins of attraction representing the three global topologies: 
fully resolved tree, bundle or rectangle. 

(HIV-l.SIV)-(SIV,HIV-2) 

/ \ 
(HIv-1,HIv-2)-(sIv.sIv) (HIV-l,SIV)-(SIV,HIV-2) 

Fig. 20. Quadruple mapping simplex of the HIV/SIV sequences 
of figure 14. 
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gle, but only three: the area of tree-likeness, the area 
of the rectangle geometry and the area of bundle- 
likeness. This divides the simplex triangle into six 
symmetric triangles, each being fully equivalent to 
the others. We can therefore assume that the vector 
s = (st , ~2, ~3) is ordered such that st 5 s2 5 ~3. Then 
the corners of the representive triangle are given by 
the vectors (O,O, l), (l/3,1/3,1/3) and (0,1/2,1/2). 
These are the attractors of the tree topology, the bun- 
dle topology and the rectangle topology respectively 
(see figure 19b). This mode of analysis yields an 
overall impression of the tree-likeness of the data. 

8. Conclusions 

When DNA or protein sequence data are analysed 
on the basis of some defined metric distance between 
different sequences, comparisons at the level of in- 
dividual sequence positions are ignored. Distance- 
based analyses provide valuable information and can 
lead to a reasonably reliable reconstruction of the 
evolutionary history of the sequences, especially if 
independent point mutation has been the predominant 
process generating change. However, in the case that 
recombination events occur frequently, as is observed 
for viruses, the results of analyses based on distance 
methods often give a distorted view of the evolution- 
ary history [39]. The method of statistical geome- 
try allows data to be analysed concerning questions 
about the overall tree-likeness, tree-likeness in certain 
clusters, the degree of divergence globally or at indi- 
vidual positions. Statistical geometry is not meant to 
replace tree construction methods, but rather to pro- 
vide an independent check on the validity of their 
implicit assumptions in particular circumstances. The 
results on viruses demonstrate the value of conduct- 
ing such an evaluation. They show that important 
clues are obtained about the evolutionary history of 
the sequences and they also suggest changes to our 
previous view about the nature of viral diseases. 

Similar conclusions can be drawn from an analy- 
sis of the application of statistical geometry to prob- 
lems of non-biological configuration spaces such as 
the space of solutions to combinatorial optimization 
problems. Detailed investigations [ 121 (also, Nieselt- 
Struwe in preparation) reveals that only by using 
the method of statistical geometry in sequence space 

rather than distance-based methods can one discover 
that the local optima do not form a tree-like topology 
of the type usually assumed [40]. 

As more and more genetic sequence data become 
available, methods such as statistical geometry that 
allow to uncover sequence relationships reliably will 
become indispensable tools for every scientist inter- 
ested in the reconstruction of the evolution of living 
beings. 
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